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In the preceding research report, ONR/RR-83-2, entitled

"A Latent Trait Model for Differential Strategies in Cognitive

LS NS

Processes,'" a general model was proposed in the context of latent

&

trait theory which deals with differential strategies in cognitive

processes. With that general model, it is necessary to define the

=7 ‘

.
.

iuformation functions expanded from those defined for the models on

’ T
{?”. '." 2

the graded response level. In the present report, such an attempt

is made and described.
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l I. Introduction

One of the main objectives of this research project is to “"bridge"

l.<l.,‘l : :’

psychometrics with cognitive psychology through the advancement of latent

trait theory. With the rapid progress of microcomputers in the past decade

' ".n

and accompanied decreases in their cost, many scientific investigations

oY

3
I.I A

which were considered practically impossible in the past are now within our

reach. Thus in many areas of cognitive psychology, where researchers used

s |

to conduct their research using relatively small samples of subjects, we

can plan our research on a much larger scale. Time is coming, therefore.

5

that latent trait theory will find its way to contribute to the progress of

L

cognitive psychology.

e v ¥

Some cognitive psychologists, who have tried to approach psychometric
i theories, say that they do not provide them with theories and methods with
. which they can deal with differential strategies. They are not exactly

right, however. As early as in the late nineteen-sixties, the

!. heterogeneous case of the graded response level in the context of latent

, trait theory was proposed -(Samejima, 1967) as a model for cognitive

EE processes. Some useful hints for differential strategies are also seen

L, (Samejima, 1972, Sectign’3:4T‘under the title "Multi-correct and multi-

= incorrect responses.”

53 In the preceding research report (Samejima, 1983), a latent trait

) model for differential strategies in cognitive processes was proposed. In
&ﬁ so doing, digraphs were used to represent cognitive processes, with

o traversing each path indicating the completion of each successful strategy.
Pf Let & be a unidimensional latent trait, or "ability", which assumes
&

F..'
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any real number., so that we can write

(1.1) - N

Suppose there is only one successful strategy for solving the problem
g , and that we need mg sequential subprocesses. Let yg denote the

attainment category or attainment score. One must successfully follow ali

the mq sequential subprocesses in order to solve the problem g , so the

attainment category yg assumes integers, 0 through (mg+1) , with

- yg = 0 indicating that the individual subject has successfully followed
*-f none of the subprocesses, and with yg = mg meaning that he has completed
i all mg subprocesses required to solve the probiem. The additional

i_( attainment score, (mg+1) , indicates that the subject has successfully
\;ﬁ followed the additional subprocess which does not exist but is hypothesized
?E? at the end of the entire sequence of subprocesses. Since no one can

\:;‘ accomplish this, the conditional probability, given 8 , with which the
i:;; subject obtained the attainment score yg equals zero, regardless of a
{;& given value of & . With this setting, we can see that the general graded
i!; response model can readily be applied to the single strategy case of

‘Egg problem solving. It is a fairly common phenomenon, however, that there

;&" exist more than one way of solving a problem. Qur main objective is to

w." approach a general model for the multiple strategy case, or differential
;if strategies, in the context of latent trait theory.

'EEZ Let w denote the number of successful strategies for solving the
‘;;’ problem g , and Yqi (= 0’1""’mgi) be the attainment score for the
SN
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iﬂ subject who has taken the strategy i (= 1,2,...,w) for solving the

. problem g . Figure 1-1 presents an example of the digraph representing
b five differential strategies, i.e., w = 5 , which was used as one of the

examples in the previous research (Samejima, 1983). In this figure, for
the purpose of illustration, the set of attainment scores for the

. strategies No. 1 and 4 are attached to the edges.

'I

In our cognitive process we often falter or choose wrong strategies

-

:% which do not lead to the solution of the problem at all. Even if the

K: subject took a wrong strategy, however, he may become aware of his mistake

> and come back to a previous point in the path and try another strategy.

:Ef There are a great many other varieties of paths, trails and walks, each of

- which might represent a specified subject's cognitive process. It is

lb obvious, however, that traversing on cycles or taking those unsuccessful

E: paths, trails and walks will not improve the subject's degree of attainment

- in solving the problem; they should be more or less ignored. It is a kind

! of directed graph which contains several paths representing different

- strategies, joining a common initial endpoint with the distinct other

Ek endpoints. Since no one can surpass a solution point, it also represents
‘ %4 a hypothesized attainment score which no one can obtain.

" The differential strategy tree was proposed to represent both

é; successful and unsuccessful strategies for solving a specified problem.

B Each tree starts from a single "nothing point" and, if we ignore all

3: unsuccessful strategies, ends with as many "solution points" as we have

2 different successful strategies.

L Figure 1-2 presents the differential strategy tree for the example

3
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FIGURE 1-1
An Example of the Digraph Representing w ( = 5)
Different Strategies for Problem Soiving. Attainment
Scores Ygi Are Also Shown for Strategies No. 1 and
No. 4 for I[1lustration.
strategy
52 53 54 55 56 1
1
Y
- 2
3
4
5 |
attainment
score y.. o 1 2 300 4 5 6
4
FIGURE 1-2

The Differential Strategy Tree for the Example Given in Figure 1-1
and the Attainment Scores yg.

i for Separate Edges. '
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given in Figure 1-1, in which only successful strategies are drawn, and the

attainment is score assigned to each edge. Thus in our example, we have

M

v
A

five successful strategies and five solution points.

1i. General Model for Differential Strategies

T
2

A general model for differential strategies concerns the assignment o¥f

- .
L P

at operating characteristic to each attainment score ygi of each of the

1

w strategies for solving the problem g . By such an operating

T
-

characteristic we mean the conditional probability with which the subject

of trait 8 chooses the strategy 1 and obtains the attainment score

vi.. . We notice, however, that in general, if the subject's performance

o o
N stopped before branching, there is no way to decide which of the two or
ii more strategies he would have taken. For example, (s1 52) and (t1 t2)

‘ in Figure 1-2 are a single edge, and so are (v1 v2) and (w1 w2) . Thus
E; .2 must cosign a single operating characteristic for each edge of the

differential strategy tree. Since each edge represents a union of one or

! more attainment scores, the operating characteristic is to be assigned to
Ef each union. For instance, following an appropriate medel, a single
‘ ogerating characteristic will be assigned to the union of ygi =0 for
Eg v = 1,2.3,4,5 , and the same model will provide us with an operating
v, cnaracteristic solely for ygj = 3 . For convenience, we shall choose the
:i smallest i in each union, and let ygis denote such a union with s for
i tne actual attainment score.
- Let P;asi(”) be the conditional probability assigned to the union of
;f attainment scores y;éi , with which the subject of trait 6 chooses a
’; strategy which belongs to y;si and obtains the attainment score s or
)
L
>t
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greater. We shall call this function the cumulative operating

characteristic of the attainment score union y*S, . By virtue of the

natures of the attainment scores { and (mgi+l) , we have

(2.1) P;* (9)
gsi =0 s = mqi+ 1

for the entire range of 6

The operating characteristic, P . (g8) , defined for the union of the

gsi
attainment scores ygsi is given by
(2.2) P, (8) =PX (8) -% pX (0) .
Ygsi Ygsi I* Yg(s+1);

where r indicates the summation over all the strategies j branching
J*
from the point which 1ies immediately after the line representing y;si in

the differential strategy tree. This operating characteristic can be
considered as the likelihood function in estimating the subject's latent
trait o

When there are more than one problem to solve, i.e., g = 1,2,..., n,
the maximum likelihood estimation of the subject's latent trait can be

performed on the basis of the response pattern V , such that

(2.3) VP sy, y Y, e s Y o e Y )
111 212 919 ni

for the n problem solving tasks, where ig is a strategy for solving the

problem g and vy is the attainment score when the subject chooses the

gi
g
strategy ig for solving the problem g , provided that the conditional

"""" NN A R . T N A T I N o s o o T T T mfe
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independence of the distributions of the attainment scores across the

different tasks, given - , holds. Let PV(G) be the operating
characteristic of the specific response pattern V . We can write
23 Py = P, (%)
' * Y
wnere B indicates the multiplication over every union ygsi to which
*

an element of V belongs.

It is beneficial to search for a family of models which provide us
with a unique maximum for every possible response pattern given by (2.3).
Thnis can be done as a generalization of the unique maximum condition
proposed for the graded response model (cf. Samejima, 1969, 1972).

The basic function, A ., () , for the union of attainment scores
gsi

y{_i is defined by

(O

(2.3) A, ()= .2 TogP o ()
7451 7 Ygs
The maximum likelihood estimate, = , of the subject's latent trait based

upon his response pattern is given as the solution of the likelihood

eguation such that

(2.5) - dog Pyl ) = 0 ——og P, ()

y'(, PR A _,,.';. SRR T L
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where ¥ indicates the summation over every union to which an

*

*
yqsi

element of V belongs. A sufficient condition that a unique modal point

of each and every response

exists for the likelihood function PV( )

pattern V is that this basic function is strictly decreasing in & with

non-negative and non-positive values as its two asymptotes, respectively.

for every union Yésa This can be shown in the same way that we did for

the basic function Ax () (cf. Samejima.
%
For brevity. sometimes we call this condition the unique maximum

of the graded item score xq
1969).
candition.

Similarities between the differential strategies in problem solving
and the multi-correct responses in testing are obvious. If we consider two
or more different strategies which Tead to the solution of the problem as
two or more different answers to a question, then they will be treated as
multi-correct responses. We can see that the concept of multi-correct

responses can be transferred to differential strategies, when there exist

more than one successful strategy in solving the problem.

[II. Homogeneous Case

The Homogeneous case of the graded response level has been deveioped
and discussed (Samejima, 1972) as a generalization of a family of models on
the dichotomous response level. Sufficient conditions that a model
provides us with a unique modal point for the 1ikelihood function of each
and every response pattern have been investigated. In the homogeneous

case. a sufficient condition is that, for an arbitrary item score

(8)
]
with zero and unity as its two asymptotes, i.e., of Type A, and its

e

the cumulative operating characteristic P; is strictly increasing in
4

«_ v, «

(# 0),

0
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(3.1) A (=) = 2 [logs 2 P

is strictly decreasing in < . The satisfaction of this sufficient
condition also implies two desirable features of the model such that:
1) the operating characteristic of each graded item scbre of each item has
a single modal point, and 2) those modal points for a singie item are
arranged in the same order as the item score itself. The normal ogive and
logistic models, which have been generalized from the corresponding models
on the dichotomous response level, are two examples of the models which
satisfy the above sufficient condition.

These models of the homogeneous case on the graded response level can
be generalized to provide us with those which belong to the general model
of differential strategies. Let v(8) be a function of Type A. We shall

consider the cumulative operating characteristic, P*, (g) , of the union

gsi
of attainment categories ygsi such that
(3.2) P;* .(a) = Bx v(s - o o,
gsi gsi gsi

where
(3.3) S e e e o

YEa; Y¥qs y* - Yy -

i e
q0 gli g mgi1 g(mgl 1)i
for every strategy, and is a constant which satisfies
gsi
"" ‘."-“'J"’;‘.-' "‘.-"' 3 :r .‘"‘.r o .r"‘f"' o .r“.r"' '“‘./-‘.r\f".r AT A IS ATY ' ""‘av’a

'\"u}.\"\

\




10
Z =1 s =0
yxo.
(3.4) g1
E:* :2* 3:132’ , M s
i* Ygsi o Yg(s-1)i 91

with £ indicating the summation over all the strategies j branching
j*

from the point of the differential strategy tree which is located right

after the edge representing the union ya(s-l)i in the differential

strategy tree. From (3.4) it is obvious that, as far as there is no

~

branching, & , = 8 .
Ygsi  Yg(s-1)i
A sufficient condition that the model satisfies the unique maximum

condition is: 1) that the values of the constant ay* ~are the same for
gsJ
all the strategies j which branch from the vertex located immediately

after the edge representing yasi , and 2) that we have

(3.5) ‘T Hog{-;e y(a)¥] <0

almost everywhere in the domain of 6 . To prove this, we obtain from

(2.2), (3.2), (3.4) and the definition of the basic function Ay* (%),
gsi

which was given by (2.5),

S D L T R |
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(3.6) Ay* .( ) = ‘?f_]Ogtiy* ) ( "y* _)
i~ gs1 gsi gsi
r‘l
& ( )
- * Tl S
i* Yq(s+1)] Yg(s+1)j

5~
L -

where 5 indicates the summation over all the strategies j branching

™

- -

Lo J

- from the vertex which lies immediately after the edge representing the |
i

= union y* . in the differential strategy tree. By virtue of the first

>,

condition, we can rewrite (3.6) in the form

(N

'.\- (3.7) Ay* () = »s‘—‘—— ]Og {lf(”—Ly* ) - ':,f(v_\t‘y* )j
A gs1 gsi g(s+1)j*
hig = {;'(ﬁ-ﬁ « ) _ %'(“—L N )}
. Ygsi Yo(s+1) 4+
= -
N Gl )= ooy T
- gsi g{s+1)j*
N
where e indicate the common constant for all j* 's | and
k- g(s+1)j*
' ¥'(+) indicates the first derivative of v(.) with respect to * . We
' notice that, if we replace ygsi by the graded item score xg and use
o~
* 9(~—uy ) as the cumulative operating characteristic P; (3) , the last
- K g
&5 form of (3.7) is identical with the basic function of the graded item

score, and the left hand side of (3.5) is identical with the corresponding

T or~
sk
o

asymptotic basic function. Thus we can say that all the unions, y551 , are

equivalent to syndrome response categories (cf. Samejima, 1972, Section 5.2),

r and a unique maximum is assured for every possible response pattern.

>
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IV. Information Provided by Differential Strategies

The informatjon function, I , (=) , for the union of the attainment

gsi
scores ygsi is defined by
(a.1) Ly ()= =2og b, ()= -2A, (),
gsi N gsi gsi
where P (-) is the operating characteristic, and A , (+) is the basic
gsi gsi

function, of y;si , which are defined by (2.2) and (2.5), respectively.
This function is non-negative whenever the unique maximum condition is
satisfied.

In the homogeneous case, as we observed in the preceding section, if

there is a single value % % common for all the strategies j* '
gsj*

which Teads to the satisfaction of the unique maximum condition, we can

S,
write for the operating characteristics of ytﬁi

(8.2) P (<) ¥(6-a , ) - v(6-0 , N,

= gy* .
gsi Ygsi Yg(s+1)j*

Y551

which is obvious from (2.2), (3.2) and (3.4). Substituting (4.2) into

(4.1) we obtain

(4.3) Iy* () = ‘:‘F'(Q-U,y* ) - \}"(b‘—rt‘y* )}2
gsi gsi g(s+1)j*

{?(“-xy* .) - W(ﬂ-uy* )}_2
gsi g(s+1)j*

» P I T S S T I I e
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- {\‘:’”(e-a * ) = \P"(E-a * )}
gsi Yg(s+1)j*
{y(5-a , ) - ¥(5-a , )}'1 ,
Ygsi Yg(s+1)j*
where :"(+) indicates the second derivative of %(¢) with respect to
3 . From this result and (3.3), it is obvious that when & approaches

negative infinity I , (8) tends to the limiting case of
gsi

(4.4) {y"(8-a , )}

for s = 1’2""’mgi » where ¢"(.) indicates the third derivative of

#(*) with respect to o . It is also obvious that, when & approaches
positive infinity, the asymptote of I _ (8) 1is also given as the

gsi
limiting case of (4.4) for s = 0’1’2""’(mgi-1) . Note that the

above does not include the case where s = 0 and 6 approaches negative

infinity, or the case where s = Mg and o6 tends to positive infinity.

In these two cases the asymptotes are obtained more straightforwardly from
(4.3).
We can also see from (4.3) that this function is symmetric with

¢ = la . o _ 1/ 2 as the axis of symmetry for
Ygsi  Yg(s+1)3*
s =1,2,...,(m gi -1) , wi.enever Y¥(+) 1is point-symmetric. At this point

of <= , because of this point-symmetry, the first term on the right hand

side of (4.3) disappears, and we have

E IS S N f o r AT ARNLR AT AR IS R T R N
B 757 A A (RN AR R L SRR A (A R A e

. -. A ) 0\




PRENND Y o NN

14
“.J'
. (4.5) I (8) = 2%"{( )
(¢ 8) = 2v"{(« -0 . /2?}
- ", g(s+1)i* Ygsi
k- -2vilaye e /27
. gsi “g(s+1)j*
R
u')
S
>, for 6«(a*‘+oz* ')/2.
o gsi Jg(s+l1)j*
-
b
‘o
i
J._
) It has been shown that if v(-.) 1is either a normal ogive function
N or a logistic distribution function, which are defined by
™
e
’ at 2
= (4.6) ¥(t) = (2n) sz T
jy
i
"o and
s
e (4.7) ¥(t) = [1+ eXIo{-Dat}]'1 )
.
.Y
“
. respectively, where a (> 0) 1is a constant and D (> 0) 1is a scaling
'j factor, the unique maximum condition is satisfied (cf. Samejima, 1972,
2
: Section 5.2). Note that in both models y(+) 1is point-symmetric, and,
‘-)-
therefore, I ., (8) is symmetric for s = l,2,...,(mg1.-l)
33 gsi
'_‘:. For the item information function Ig(e) we can write
o™
D,
e (4.8) I (6) = E[I_, (8)]e) = ¢ I (o) (9)
L g Ygsi LY Y3si

N @ SXRCT

by o YA A AT AT AT RS T R Tt R AANTNT % ™ 2™ v iy Y 3 '
A 8 Ty i o X O D O OO O A e
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= ) Ey* s (8-ay* ) - ¥ (6-a , ) 2
Ygsi 95 gsi g(s+1)j*
{#(a-a , ) - ¥(6-a_, )J-l
Ygs1 a(s+1)j*
- I 3.4 Y (5-a , ) - ¥'(8-a_, )},
Yigi oS Ygsi Yg(s+1)j*

where *5 indicates the summation over all the unions of attainment scores,
Ygsi
or overga11 the edges in the differential strategy tree. Since we have

(4.9) Ip (6) =1

*

*
ygsi ygsi

for the entire range of 9 , from this and (4.2) it is obvious that the

second term of the rightest hand side of (4.8) equals zero. We obtain,

therefore,
. 2
(4.10) I(8) = © 8, (¥(e=a, ) -v¥' (80 )}
] Yigi oS Ygsi Yg(s+1)3*
-1
{¥(e-a , ) = ¥(8-a , )3
- Ygsi Yg(s+1)3*

It is obvious from {4.10) that within each strategy the more

subprocesses we have the greater amount of item information we get,

with the case of continuous subprocesses as the limiting situation. This ;
can be observed by following a similar logic that is applied for the

relationship between the graded response model and the continuous response

model (Samejima, 1973).




A question may arise as to the possibility of increasing the amount of
item information by increasing the number of successful strategies. The
answer is not directly positive, however. We can see it through the
following example. Figure 4-1 presents the digraph and the differential
strategy tree of a simple case where we have only two successful

strategies. Suppose that the homogeneous case is applied and that we have

a common value o, . If, in addition, we have
913*
&% = Ak

(6.11) Yg21  Yge2
a

* = Q‘ *
y931 /932
then the information function, which is given by (4.3), becomes identical

for i = 1,2 for the same attainment score s (= 0,1,2,3). From this

fact and (3.4) we obtain from(4.10) for the item information function

(4.12) Ig(e) = I {w'(e-ay* ) - w‘(e-ay* )}2
*
Y5s1 gsl g(s+1)1
-1
{v(6-a ) - ¥(6-a
Y3s1 Y3(s+1)1
- . : 2
= T {y (e-ay* ) - ¥ (e-ay* )}
y552 gs2 g(s+1)2
{w(e-ay* ) - w(e-ay* nol.
gs? g(s+1)2

The amount of item information is, therefore, the samc 3as that of each
single strategy case. Thus branching itself does not necessarily increase

the amount of item information.

‘“38253&%&%&2@5§%§3&§B&§%&
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b FIGURE 4-1

The Digraph and the Differential Strategy Tree of a
Simple Case Where We Have Two Strategies and There Are
! Four Subprocesses in Each Strategy.

E:"-t It is also obvious, however, that the differentiation of successful
5_7 strategies contributes to the increment in the amount of item information
H through the varieties of different configurations of Pz‘,*si(e) across the
E_", separate strategies, for the more differential strategieg we have the
) greater possibility there is that "detoured" strategies provide us with

l lk:'; greater numbers of subprocesses.
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When we have n problem solving tasks which reguire the same latent

trait ¢ , we can write for the test information function I(s)

n
(4.13) I(g) = ¢ I (o),

following-a similar logic applied for the graded response model.
In the normal ogive model, from (3.2) and (4.6) we can write for the

cumulative operating characteristic of y*s.

gsi
_ -a_(6-b _, ) 2
(4.14) P, (0) = B (20)VEL 9 Vasi oW /2 gy,
ygsi ygsi -
where ag (> 0) 1is the item discrimination parameter, and b_, is the
gsi
difficulty parameter for the subprocess y351 , which replaces a_, _ by
gsi

virtue of the familiarity in notation. Thus we have for the first and

second derivatives of P*  (g) with respect to 9

gsi
. -1/2 2 2

(4.15) PRy (0) = 8,0 (2n) / a, expl-a;” (6-b,s )7/2]

gsi gsi gsi
and

2

(4.16) Pxe (8) = -a “(e-b , ) PXi (o),

yasi 9 ySSi yasi

or, alternatively, from (4.6) we can write

(4.17) v (o-b , ) = (2m) Y2 a exp[-a %(s-b_, )%/2]
gsi 9 9 gsi

N %) s"",.'?I‘oﬁ‘::l'::.!:"!:?‘,':’. (% %""b‘::"::‘,’:.‘.‘:’ )
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and

(4.18) "(¢-b o ) = -a “(6-b ., ) v'(e-b , )
Ygsi Ygsi ygsi
Figure 4-2 presents the cumulative operating characteristics of the
unions of attainment scores, which follow the normal ogive model, of a

relatively simple example which was given as Example 1 in the preceding

research report. In this example, a_=1.00, b, = -2.50,
g ygll
b,« =-1.00, b, =050, b, =-1.80, byx =0.00,
/921 Yq31 Yqe2 Y332
b, =2.00, 8 ¥ =0.60 and g , =0.40 . The corresponding
Yq42 Yq11 Ya12

operating characteristics for these unions are presented in Figure 4-3.
The differential strategy tree of this example was presented in the
preceding research report, and al;o here as Figure 4-4. Since there are as
many as eight edges in the differential strategy tree, each edge is drawn
by a unique type of line. These separate types of lines will be carried to
the subsequent two figures for the sake of identification, so that we shall
be able to avoid confusions.

The corresponding eight information functions Iy§s1(e) are presented

in Figure 4-5, together with the item information function which is shown

by a solid Tine. Since in the normal ogive model we have

(4.19) ¥ (o-b , ) = ag2 v'(e-b , ) (a.’(6-b , )%-11 ,
ygsi ygsi 9 ygsi
which is obvious from (4.1§), we obtain
(4.20) Mo-b, ) /W (6%b., ) = -a l(6-b 4 )
. t - * - = = * ]
y§s1 Ygs i E Ygs i
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FIGURE 4-4

Differential Strategy Tree Whose Edges Are
Orawn by the Same Separate Types of Lines As

\iﬁ Those in Figures 4-5 and 4-6.
R
o
=
SHN
K v
. . _ 272
(4.21) ¥* (o by* )/ w'(e-b ) =a [a “(6-b , ) -1],
gsi Ygsi 99 Ygsi
and finally
13
e1m I, () = a 2 for s =1,2,3,...,m_.
Fee ygsi g g1
(4.22)
Tim 2
Boreo I 351(8) = ag for s = 0’1’2""’(mgi'1) .
e Note that this common asymptotic value equals the constant item response
:;é information function of the continuous item response in the normal ogive
)

model (cf. Samejima, 1973). Since in our example a = 1.00 , these

asymptotes are unity, as we can see in Figure 4-5. When s =0 , since we

have
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1

€
—
@€
1
lon

;51255?

from this and (4.3) we can write

F'sk ¢
iy
TRy

(4.24) (6) =

Y

gli

+ {y"(9-b
Ygti

g0i

Ty

[ "‘l“ S A'," ."l'
L

and, therefore, we obtain

P

?I’l’ J
I.Is

1im
-0

-

(4.25) () =0 .

s ’! ’I aI ‘.I "l

*
Yq0i

--

K & v

l. l' ".
/

5

When s = m . , since we can write

g1

5
?f o

P

S

- A

(4.26)

ALY

>
S

A ;
A0
S B ]

LR L

substituting this into (4.3) we have

L S |

(o

I"}

220821
J"?Iff"i

a4

E£5

Aun u

T @ra

A,

{ P 1 (™ ’I*' v”- LT R " ( - -'r o M N "i"’"’ N A Rae P
f"'!'.:!‘..::'?h'. Wttt W e, ¢ \( A t:.b't PCA Nt -"‘2‘!'0 OISO,

I B

(2 (b, 1) (1-9(0-

)}{l-w(e—by*

.......

-2
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gli

it

gli

R N N N KIS




IT'),

- e A e W g a8 P e
oo
DD — RO

gt Rav Roliak_Ral Sak Sel Bak Bol Aol Aob £ 0 A0 A L A A4 A-a A e A B Ria Aua d-a Soa Ate BSo Bie Bhe Ble Nis Al

25
(4.27) Lo ()= {¥'(ewb,  Fivleb, )7
~gmgi1 gmgi1 gmgi1
- i(seby,  De(esb, o NTH

gmgiw gmgi1

and, therefore, we obtain
Tim
(4.28) B Ly (e) =0
gmgi1

These asymptotes are shown in the three curves of Figure 4-5,

As was observed earlier, I . (8) 1is symmetric in the normal ogive

gsi
model as o = [b , +b « 1/ 2 as the axis of symmetry for
Ygsi Yg(s+1)i*
s = 1’2’3’°"’("bi'1) . From (4.5) and (4.18) we obtain

(4.29) I, (6)=a’(b, b, )

gsi 9 Yg(s+1)j* Ygsi

v'{(b -b 1/2}
Y3(s+1)j* Ygsi

[1-2¢{(b , -b_, )/2}]'] ,

Ygsi  Yg(s+1)j*

for 6 = (b , +b . )/ 2
Ygsi Yg(s+1)3*

We notice that this value decreases as the distance between b and

b . increases, with a 2 and zero as its two asymtotes.
Yq(s+1)i* g
Figure 4-6 presents the information share, I , (8) P« (6) , for
ygsi ygs1’

---------- -
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each of the eight ygsi|s , together with the item information function.

In the logistic model, as is obvious from (3.2) and (4.7), we have for

the cumulative operating characteristic

(4.30) Pr, (8) =8, [lrexp(-Da (o-b , 117t
gsi gsi 9 ygsi
where a_ and b are the same parameters that are used in the normal
gsi

ogive model, and D (> 0) 1is the scaling factor which is usually set
equal to 1.7 in order to make the discrimination parameter ag comparable
to the one in the normal ogive model. Thus we have for the first and

second derivatives of P* ~ (g) with respect to 6

gsi
(4.31) px. (8) = 8 Da_lexp{-Da_(6-b )}
yasi ygsi g g ygsi
-2
[l+exp{~Da (6-b_, )}]
9 ygsi
and
(4.32) P¥x (8) = Da  Pxi (8) [1-2{exp(-Da (8-b , T,
gs1 g ygsi g ygsi
or we can write from (4.7)
(4.33) @‘(a-by* ) = Da_ v(e-b , ) [l-¥(e-b , )1,
gsi E gsi gsi -
(4.34) "(6-b 4 ) =Da, v'(e-b , ) [1-2¥(e-b , )1,
Y351 g yasi Ygsi
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and
(4.35) “*(5-b_, ) = D% 2y'(6-b . )
yasi 9 yasi
[1—6W(e-by* J+6{v(6-b , )}2] .
gsi gsi
From these results and (4.3) we can write
(4.36) I, (8) =0%a’v(e-b, )[1-¥(6-
. y* . g y* . { ( by* .)]
g0i gli gli
and
(4.37) I 8) = p%aly(s ¥(o
. y*m 1.( ) s g ( -by* .)[1- ( -by* _)] .
g gi gmgi1 gmgi1

Thus unlike the normal ogive model this model provides us with symmetric

and unimodal functions for I, x (8) and I, % (6) , with the modal
Ya0i y L3
gOi gmgi 1
points at © = b, and 9 = b,x , respectively. At each of these
Yq1i Ygmgy i
modal points, the function assumes Dzagz/4 .

As for the other edges, since we have from (4.33), (4.34) and (4.35)

(4.38) ¥ (6-b )y / v¥'(e-b ) = Da_[1-2¥(e-b )1,
yasi ySsi 9 yasi
and
(4.39) w'(e-by* _) / w'(e-by* )
gsi gsi
= Dza 2[1—6w(e-b . Jr6{¥(s-b . )}2] s
g ygsi gsi

T Ry
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from (4.4) we can see that the asymptote of I _, (6) is given as the
gsi

1imiting case of

2.2, ... e
(4.40) 2%y ¢ (8-byu I1¢(6-b, )]

S gsi gsi

for s = l,2,...,(nbf-l) , in either case where 6 tends to negative

or positive infinity. Thus again unlike the normal ogive model this model

provides us with one or more modal points for Iy* _(e) , with zero as
gsi
the two asymptotes when 6 tends to negative and positive infinities,

for s =1,2,...,(m_.-1) For these edges, the axis of symmetry for

g1
I (3) 1lies at 6 = (b +b y/2 , and at this point of 6
ygsi ygsi y6(5+1)j*
2.2
4.41 I (8) = 20%a " ¥{(b -b )/2}
(#.4) Yasi 9 Ya(s+1)5* Ygsi
[1-v{(b_, -b . )/2}]

*
Yg(s+1)i* Ygsi

Figures 4-7 and 4-8 present the cumulative operating characteristics
and the operating characteristics of the eight edges of the differential
strategy trees following the logistic model, respectively, with the scaling
factor, D = 1.7 , and with the same parameter values that we used for the
normal ogive model. We can see that these graphs are very similar to those
on the normal ogive model, which were shown as Figures 4-2 and 4-3. The
corresponding information functions for yasi and information shares are
shown in Figures 4-9 and 4-10, respectively, together with Ig(e) .

Figures 4-11 through 4-14 present these four sets of functions for the

five strategy case illustrated in Figures 1-1 and 1-2. They follow the

normal ogive model, with the parameters, a_ =1.0, b = -2.5 ,
g Ygl1
b, = -2.0, b, = -1.5 , b« = 0.5, b« = 1.5 ,
g21 Yq31 Yq41 Yg51

' '“‘*th};z;ﬂ:lms}::ﬂe:mmx»:-rm\:m;si
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* -1.5, byx =-0.5, b =1.5, b = 2.5,
byg32 5 byg42 1 by652 0.3 iEGZ
* ‘2 ) * --8’ = - > —18’
Y313 Y423 Y333 Y443
byx =-2.5, bx =-1.5, b =-1.0, b = 0.0 ,
bygl4 0 by924 0.7 b y§34 2.0 y644
« =-1.0, b, =07, b, =20, 8, =0.400,
y935 0.250 yg45 0.350 y9558 0.160 - B 0.240
8* = J. 3 5 = . ’ *:. Py *=. ’
913 Y314 Y431 Yq32 ‘
By* = 0.210 and B, = 0.140 . The corresponding results for the -
g34 g35

logistic model are shown as Figures 4-15 through 4-18. Note that in
each of these figures five separate graphs were drawn for the five
successful strategies, in order to avoid confusions by presenting too
many curves in a single graph,

Comparison of these functions in the normal ogive model with those
in the logistic model in each of the two examples reveals that, in spite
of the similarity between the two models with respect to their cumulative
operating characteristics, and, therefore, to the operating characteristics
of yasi » there exist substantial differences between the two models in
terms of their information functions. These differences do not affect the

infcrmation shares too much, however, except that those functions are

steeper in the logistic model than in the normal ogive model. As the

result, neither do they affect the item information function Ig(e) too

t
4

a

much.

A s
%y

*
W
>
1

These are only two of the many conceivable mathematical models. Some

N0

models provide us with cumulative operating characteristics which are not

.ggl'

)
s

LA

point-symmetric as those in the normal ogive and logistic models are. In {

S
Pk
L N

such cases it is expected that those functions will be more complicated as |

P
[}

the result of this asymmetry.
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V. Discussion

A guestion may arise as to which estimate of the latent trait should
be taken if the subject faltered from one strategy to another and did not
reach the solution of the problem. One answer to this question may be to
take the attainment score of the strategy that he took last, and use its
corresponding operating characteristic in estimating his latent trait.
Another answer may be to compare the resultant estimates of & obtained by
the separate strategies the subject has taken and select the highest
estimate.

The usefulness of the proposed model is yet to discover. We need the
collaboration of cognitive psychologists who are willing to collect data on

larger samples, taking advantage of modern technologies.
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